What is dense about the Jacobson density theorem?
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Let R be aring. We recall the following standard formulation of the Jacobson density theorem,
e.g. [La02, §17, Thm 3.2):

Theorem 0.1. (Jacobson) Let M be a semisimple R-module. For every endomorphism
f S EndEndR(M)(M)
and every finite set ' C M, there exists an element x € R such that

fm)=x-m forall meF.

We explain the name density theorem, using elementary topology: Let M be a (not necces-
sarily semisimple) R-module. Consider the ring homomorphism

Pyac: B — EHdEndR(M)(M); T = Ag,
where \,: M — M denotes left multiplication by x, that is,
Az(m) =x-m for all m € M.
We endow the set M with the discrete topology. On
Endgndg(ar) (M)
we consider the compact-open topology. Recall that this topology has as subbase
{W(K,U) | K C M compact, U C M opent},

where

W(K.U) = {g € Endgagon(M) | 9(K) C U},

Proposition 0.2.

The image of the ring homomorphism @jy.c: B — Endgna,ar)(M) is dense in Endgna i) (M)
if and only if for every morphism f € Endgya, (M) and any finite set F* C M, there exists a
ring element x € R such that f(m) =z -m for all m € F.

Proof.
Let f € Endgna, ) (M). Take a finite set F' C M. By assumption, for any open neighbourhood
U C Endgnag (M) of f, we have U N Im(pjac) # @. Consider the set

U= () Wtm), {F(m)}).

meF



This is an open neighbourhood of f. Thus, there exists an = € R such that yj..(x) € U. By
definition of U, for such an = € R, we have f(m) = @jac(z)m for all m € F.

Conversely, assume that for every morphism f € Endgna, (M) and any finite set F7 C M,
there exists a ring element x € R such that f(m) = @ac(x)m for all m € F. Next, let
[ € Endgnapny(M). Let U C Endgnagary(M) be an open neighbourhood of f. By definition
of the compact-open topology, we can write U as

U= U ( ﬂ W (K, Vi),

where each indexing set J; is finite, each K;; C M is compact, and each Vj; is a subset
of M. Since the topology on M is discrete, each K;; is finite. Now, let k € I such that
f € Njes, W(Kkj, Vij). Define K = |, ;, Ki;- Note that, as a finite union of finite sets, K is
a finite subset of M. By assumption, we can thus find € R such that f(m) = @jac(x)m for all
m € K. For such an x € R, we therefore have ¢j.c(z) € ;e W(Kkj, Vij) € U. Consequently,
the image of the ring homomorphism @y..: R = Endgna, (M) is dense in Endgng,ar(M). O

As an immediate consequence, the Jacobson density theorem has the following reformulation:

For any semisimple R-module, the image of the ring homomorphism
PJac: R — EndEndR(M)<M)
is dense in Endgna,an (M), where R carries the discrete topology and Endgna,ay(M) the
compact-open topology.
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